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l. INTRODUCTION AND
DEFINITIONS

The original motivation for developing
topology was a wish to generalize ideas in
geometry such as shape and distance. The notion
that the topology can illuminate algebra was
resisted by such luminaries as Birkhoff, whose
once, when asked about the utilization of
topological notions in algebra, allegedly responded,
“I don’t consider this algebra, but this does not
mean that algebraists cannot do it” [1].
Nevertheless, in 1936, Marshall Stone published a
paper [2] showing an unexpected equivalence
relation between Boolean algebras and certain
topological spaces, which is known as Stone
spaces. In this paper, some behaviour of
homeomorphisms  and  isomorphism  were
demonstrated on the Stone spaces that associated
with Boolean Algebras.
Definition 1.1: [3] A lattice is a partially order set
X such that every finite subset of X has an
intersecting point. A lattice is complete if it has an
intersection between arbitrary also, not just finite
sets. Also, it is distributive if it allows the distribute
property on it. ie. Vxyz€X xAyVz) =
xAY)V(aAz).

Example 1.1: [5]

(@) The symbols A and V represent the set
operations intersection (N) and union (U). i.e. if
we consider arbitrary nonempty set X and P(X)
denotes its power set. By taking O = @ and X = 1.
We let the symbol (A) stand for intersection (N),
(V) to be unions (U) and - denontes the
complement. Then for X;,X, € P(X), we say
Xy < X,, if X, € B. Therefore the power set P(X)
is a complete distributive lattice.

Definition 1.2: [1] If A is a distributive lattice and
if for every x € A3 — x € A such that xA(—x) = 0
and xV(—x) = 1. Then -x denotes complement of
X.

Definition 1.3: [3] Every distributive lattice A for
which every element x € A has complement
—x € Ais called Boolean algebra.

Proposition 1.1: [3] In every Boolean algebra A,
the complement —x € A is unique.

Definition 1.4: [6] A topological space X is
profinite if it is homeomorphic to a projective limit
of finite discrete space.

Proposition 1.2: [2] For a Boolean Algebra A, the

following properties holds.

(@ V and A are idempotent, commutative and
associative.

(b) V and A are distributive. ie. xV(yAz) =
&Vy)AxVz) and xA(yVz) = (xAy)V(xA\z).

(c) Absorption property holds for V and A i.e.
xV(xAy) = x = xA(xVy).

(d) Every element is its own double complement,

ie—(—x)=x
() —(xVy) =—xA—-y,—(xAy) = —xV—y (De
Morgans property)

(f) As shown in the definition 1.2 above,
xV(—x) = 1and xA(—x) =0
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(9) xV0 =x,xA1=x,xV1=1andxA0 =0

Example 1.2: [5] The following are example of
Boolean algebras

(@) Any complete lattice is a Boolean algebra

(b) The set {0,1} is a Boolean algebra, for 0 < 1.

(c) For every set A, the power set P(A) is a
Boolean algebra with respect to the following
operations V=U, A=N, 0@, 1 =X and
—X=Y\X

(d) If X is a topological space. A = CIP(X)
equiped with operations mentioned in (c)
above is a Boolean algebra

Definition 1.5: [7] Let A be a Boolean algebra. A
subset 1 € A is called an Ideal if the following
properties holds on I.

@ 0€el (b) Ifxyel thenxVyel (c) If y =1
andx <y, thenx € L.

Definition 1.6: [8] An ideal | is proper ideal if
1¢1. A proper ideal is maximal. If it is not
properply contained in another proper ideal. i.e. If |
is a proper ideal, then there does not exist x € I and
—x € I, provided that the properties (b) above
implies 1 =xV—x€1, which is contrary to
properness of an ideal.

Example 1.3: [1] In a given topological space X,
the lattice of open sets ordered by inclusion which
is denoted as Q(X) is an ideal in power set P(X) of
topological space X.

Definition 1.7: [7] Let X and Y be Boolean
algebras A Boolean Homomorphism is a mapping
g:X — Ysuch that VxyeX, the following
properties are satisfied: (a) g(xVy) = gx)Vg(y),
(b) g(xAy) = g(x)A\g(y) and (c) g(—P) = —g(P).
Where the operations on the left side of each
properties above are in X while those on the right
sides are in Y. The property (c) above shows that a
Boolean Homomorphism g:X—Y is odd. If a
homomorphism is onto, then is called
epimorphism, if it is an 1 — 1 correspondence
(bijective), is called isomorphism. Then, if X and Y
are Boolean algebras and there is Isomorphism
between them, we say X and Y are isomorphism to
each other.

Definition 1.8: [3] A topological space X is T,
space (Hausdoff), if for any distinct point x,y € X,
there exist two disjoint open sets A and B such that
X EAandy € B.

Definition 1.9: [3] A topological space X is
compact, if every open cover of X contain a finite
subcover.

Definition 1.10: [4] A t, — space (Hausdorff) is
totally disconnected if every open set is the union
of the clopen sets it contains.

Definition 1.11: [5] A topological space X is called
a stone space if it is t,, compact and totally
disconnected. If B is a Boolean algebra, S(B) will
denotes the stone space associated with Boolean
algebra A.

1. RESULTS

In this section, we are going to make use
of some definition and other discussions in section
one to demonstrate some roles of isomorphism and
homeomorphisms in the stone spaces that
associated with Boolean algebras.
Lemma 2.1: [2] Suppose A is a Boolean algebra
and an ideal I c A is maximal iff for every a € A,
either a € I or —a € I both not both.
Theorem 2.1: (Maximal ideal theorem) Every
proper ideal is contained in a maximal ideal.
Proof: Since the set of ideals is poset (partially
order) under inclusion relation <. Then, it is easy to
check that if F is a totally ordered family of proper
ideal, certainly, UF is a proper ideal. Therefore, the
claim follow from the fact that if X is a nonempty
partially ordered set in which every totally ordered
subset has an upper bound. Then X contains at least
one maximal element.
Definition 2.1: [9] Suppose A is a Boolean algebra,
then spec(A) is called a stone space associated with
Boolean algebra A. Where spec denotes the
spectrum.
Definition 2.2: [10] Suppose X is a stone space,
then the dual algebra of X is the class of open and
closed set in X. The dual algebra of a stone space X
is denoted as clop(X).
Theorem 2.2: If P,Q are Boolean algebras, then
there is isomorphism between P and Q iff there is
isomorphism between spec(P) and spec(Q).
Proof: From definition 2.1 above, it is obvious that
isomorphism between P and Q implies
isomorphism between spec(P) and spec(Q) i.e.
P = Q = Clop(P) = clop(Q).
Conversely, suppose spec(P) = spec(Q). By
follow the trivial implication, P=Q =
Clop(P) = clop(Q) (from definition 2.2 above)
and from the fact that clop(spec(X)) =X, we
have P = clop(spec(P)) = clop(spec(Q)) = Q,
which ends the proof.

Theorem 2.3: Suppose A is a finite Boolean

algebra. Then, the following are equivalents:

(@ A=P)={01}4 and has A has 2"
elements for some n € N

(b) There is a homomorphism g: A — 2 such that
g(2™) =1 where 2" is a nonzero element of
Boolean algebra A.
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() If there exist S(A) c{0,1}*4  of
homeomorphism g: A — 2. Then S(4) is a
Stone space.

Proof: Suppose B is a finite Boolean algebra.

(@) If we let A = spec(B). Then, by finiteness of
B and stone duality, the stone space A must
have finitely many clopens. This mean that A
is direct sum of connected subspaces. Provided
that the Stone space A is totally separated, the
latter are all set of single element, thus A is
discrete, and clop(4) = P(4). Then, by
compactness, A must be finite. This shows that
the Boolean algebra of clopens of a finite set A
is isomorphic to {0,1}%4.

(b) If I is a principal ideal that generated by
(=2™). Then by theorem 2.1 above, there
exist some maximal ideal M such that (—2") €
M. By Lemma 2.1 above, M does not contains
2™, Then due to the fact that every proper ideal
is the kernel of some epimorphism between
given Boolean algebras, there are some
homomorphism g: A — 2 whose has kernel
M. Provided that 2" ¢ M, g(2") = 1.

(c) For a Boolean algebra A, let m € A, then for
every n € {0,1}*, the singleton set {n,,} is
open in {0,1}, since the set {0,1} is a discrete
topology, and the following sets {ne€
0,1772:72mm2=1 and 7€0,1772:7222=0 are open in
{0,1}#4. Therefore, the value of n, must
depends on n continuously. Now, suppose
P:X —Y and g:X — Y are continuous
function into a 7, — space Y, the set {n: P(n) =
gn is closed. Therefore, for 27€4, the set
{n:n(=2") = —n(2™)} is closed in {0,1}%4.
Hence, the intersection of all complement
preserving functions in {0,1}*4. Similarly, the
set of every functions in {0,1}#4 that preserves
meets and joins are closed subset of {0,1}#4.

The intersection of these three sets gives

the set of functions that preserves meets(A),
joins(V) and complements (—), so, the set K of
homomorphism 2":A — 2. The intersection of
closed subset is closed, for this, K is closed and
hence is compact due to the fact that {0,1}*4 is T,
and totally disconnected, then, is a Stone space.
Theorem 2.4: Suppose A and B are Stone spaces,
then A is isomorphic to B if and only if clop(4) is
isomorphic to clop(B).
Proof: If part of this theorem is trivial. Now,
suppose Clop(A) = Clop(B), this gives leads to
spec(clop(A)) = spec(clop(B)). By theorem
2.2 above, we have A =spec(clop(4))=
spec(clop(B)) = B. This ends the proof.

Theorem 2.5: (Stone Representation theorem for
Boolean Algebras). Every Boolean algebra is
isomorphic to the dual algebra of its associated
Stone space. i.e. if B is Boolean algebra and
spec(B) is a stone space, then B = clop(spec(B))
for every B.

Proof: Suppose spec(B) is the set of all maximal
ideals in B such that spec(B) € P(B). Then, for
every x € B, we have T(x) = {K € spec(B):x ¢
A. Then, we have 70=¢ and 71 = stone space
spec(B).

Suppose I is any ideal, then by (b) and (c) in
definition 1.4 above, we have xVy € I, if and only
if x €I and y € I. Suppose M is a maximal ideal.
By Lemma 1.1 above, we can see that xAy € M, if
and only if xe M or ye M. So, we have the
following:

T(xX)UT(y) ={M € spec(B):x ¢ Mory & M} =
{M € spec(B):—(x e Mand y € M)} =

{M € spec(B): —((x Vy)E M)} =T(xVvy) ---
(i)

TINT(y) ={M € spec(B):x ¢ Mand y ¢
M=MEespecBF—reM or
VEM=Mespech—NVEM=TIANY -----=--==--m-nm=-
------------------ (i)

Therefore, the family F = {T(x)},ep is closed
under intersection and certainly,

T(1) = spec(B) c {T(x)},eg = F. Due to the fact
that, if X isa set, F € P(x) and
T={U;qU;:lisaset, U, € FVYi€l}. Then t is
a topology if and only if (i) Every x€X is
contained in some U €F and (ii) for every
P,Q € F,PNQ = U{N € F:N € PNQ}, the
family of all unions of elements of F is a topology
on the space spec(B), which is called the Stone
topology with F as its base. By Lemma 1.1 above,
for xeB and M € spec(B), we have any of
x€M or (—x) €M but not both. Therefore,
T(—x) = {M € spec(B): (—x) ¢ M} =

{M € spec(B):x € M} = spec(B) — T(x) ----—---
(iii)

(iii) above implies that all elements of base F is
both open and closed (clopen), therefore, F <
clop(spec(B)), this means, F serves as a base of a
space spec(B) and F contains clopens, for this, the
stone space spec(B) is zero — dimensional.

From (i) and (ii) above, if there is X,Y € M such
that if X,Y € spec(B) with X # Y, the inclusion
X € Y is not possible, provided that X is maximal,
then there exist x e (X —Y), (—x) & X, x€Y,
thus (—x) € (X —Y). Now, X € T(—x) and

Y € T(x) = spec(B) —T(—x), provided that
family of T’s are open, the stone topology
(spec(B),t) is T, — space.
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Let O be a cover of the space spec(B) by element
of base F, then for {a; € B};cx such that
spec(B) = Upcx0(a,). Now, let I be the set of
x € B for which there are finitely k4, k5, ..., k,, such
that x < ay, V ...Va,, . Itis easy now to verify that
I is an ideal. Suppose I is proper and there is
maximal ideal M such that I < M, then, we have
a, €I €M for every k€K, provided that
{T(a;)}ex is a cover of the space spec(B), then,
we have M € T(a,,) for some k € K = a; does not
exist in maximal ideal M, which is contrary to our
choice. Thus I = B. then i €1, so that there are
ki, ks, .k, € K such that ai, Vay,V..Va,, =
T(ay, )UT(ar,) U ...UT(ay,) =

T((JLleak2 ...Vakn) =T(1) = spec(B).
Therefore, every cover 0(ay,) of the space spec(B)
by elements of the base F possess a finite subcover,
therefore, the space spec(B) is compact. Hence is a
stone space.

Let A € spec(B) be open and closed (clopen).
Since A is open and there are element x € F,
A = Ux. Also, since A is closed, then it is compact,
thus

A=T(x)U..UT(x,) =T Vxy V...Vx,) €
F=>FcC Clop(spec(B)) exhaust clop(spec(B)).
By consider equation (i), (ii), T(1) = spec(B),
T(0) = @, then the map g:B — clop(spec(B)),
x — T(x) is a homomorphism of Boolean algebras
whose its onto is obvious, provided that

F ={T(x):x € B} = clop(spec(B)). Suppose r
is nonzero element, then I ={y <(—x)} is a
proper ideal. Since M is maximal ideal that
contains an ideal I, we have —x € I € M as shown
above, then x ¢ M and therefore M € T(x). Thus x
is nonzero element implies that T(x) is nonempty.
Now, suppose x # y. Then x A (—y) is nonzero or
y A (—x) is also nonzero. Then T(x) —T(-y) =
T(x)NT(—y) = T(x A (—y)) is nonempty,

thus, T(x) # T(¥). If y A(—x) is nonzero, the
same conclusion holds. Then the mapping g: B —
clop(spec(B)) is one — one. Therefore, g is an
isomorphism of Boolean algebras.

Theorem 2.6: Suppose X is a topological space
and there is a mapping G: X — P(clop(X)) defined
by G:X- P(clop(X)),x — {Ceclop(X):x ¢
A (iv)

The following statements are equivalent

(i) G is 1 — 1 iff X is totally separated

(i) G(x) is maximal ideal in clop(X) for every
x € X, thusG: X — spec(clop(X)).

(iii) G: X - spec(clop(X)) is continuous.

(iv) Cl(G(X)) = spec(clop(X)).

(v) If X is compact, then the mapping G:X —
spec(clop(X)) isontoand G: X — spec(clop(X))
is homeomorphism iff X is a Stone space.

From the knowledge of theorem 2.6 above, we
shall establish the following results

Lemma 2.2: Given a topological space X, we
define the mappings w:X — {0,1}%P @ x
Mgeciop (x)Xa(x). Then w is one — one, if X is
totally separated.

Theorem 2.7: For every topological space X
defined the mapping ¢: P(clop(X)) — {0,1}¢oP &
by ¢(A)(R) =1\X4;(R). Then G is 1-1
correspondence and the diagram below commutes.

-
X L

w ¢

{l:l, 1 }c!o'p':.?}

Proof: we shall follow lemma 2.2 above to provide
a proof for this theorem. Let P(clop(X))
associated with the function {0,1}°?®) and
subsets S of X through S - Xg and g —» g~ (1).
From (iv) above, we have G:x—->{RE€
clopX-x¢ R=Re clopX- yRr=0 --- (V)

By (v) above, “we see that” there is occurrence of
negation, whereas we don’t have any in w(x),
which is defined as w = {R — yz(x)}. From this,
we see that ¢ is 1 —1 correspondence and the
diagram above commutes. Next, we need to
provide a proof for the continuity of ¢, to do this,
we shall prove that ¢ ~1(k) is open for elements of
the canonical subbase k, with respect to the
product topology on the function {0,1}¢%P ) et
S =Vgl(t) and R € clop(X) as shown above and
t is in the function {0,1}. We can now have the
function

Vil = {r:clop(X) - {0,1}:7(R) is unity}.
Therefore, the function (map)ex'(Vit(1)) =
{Acclop(X):R ¢ A} = U(R)
------------ (vi)

By Stone topology, we see the (vi) above is open.
Also,  ¢x (Vz1(0)) ={A S clop(X):R € A} =
Spec(clop(X)) —UR)=UX-R) (From
equation (iii) of theorem 2.4 above). Therefore, the
restriction of ¢ in the Stone space spec(clop(X))
is continuous.

The next results relates the function G:X —
spec(clop(X)) to compact Hausdorff spaces X;
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and X,, where X; < X,. Also, for every topological
space X which give rise to a Stone space 2y =
2(clop(X)), we will also establish a direct relation
between topological space X and the Stone space
Q.

Theorem 2.8: Given a compact Hausdorff
topological space X. Then the following are
equivalent;

(i) The space (X—~) is a Stone space.

(i) The Stone space 2(clopen(X)) is
homeomorphic to the Stone space (X—~).

Proof: Here, we shall prove that for every closed
subspace Y of X, the ~ saturation Y~ is closed. For
this reason, there exist min X such that m €
(X —=Y7). Then for all n €Y, m »~ n. Note that,
for a compact Hausdorff space X, whenever m + n,
there must be a clopen set Y in X such thatn €Y
but m ¢ Y. Thus, for every n € Y, a clopen C, is
closed in X such that n€C,. Now, Y € X is
closed, thus compact. Then, the open cover {C, },.cy
of Y contain a finite subcover. Then there exist
Y1, Y2, Yy € Y suchthat S =Y c Uk, C, -
----- ().

From (*) above, as S is a finite union of clopen,
then is closed. Therefore, the space (X — S) is open
and also, with factthat me X —-S)c (X —-Y™),
Y~ is closed, then compact, which shows that
(X—~) is a Stone space.

(ii) provided that X is compact Hausdorff, the
connected component C(x) equals the quasi —
component Q(x). Therefore, x ~ y iff both x and y
are contained in the common clopens. Certainly,
the set of clopens is in canonical bijection (1 — 1
correspondence) to the Stone space (X—~). This
ends the proof.

Theorem 2.9: Suppose X is completely regular.
Then, there  exists a  homeomorphism
2(clopen(X)) = (X,—~). Where ~ is a connected
relation defined on a maximal compact Hausdorff
space X,.

Proof: Due to the fact that for a completely regular
space X. Every clopen C in X is of the form SNX
for a unique clopen S € X, and X, is connected iff
X is connected. For this, there exist 1 — 1
correspondence between the clopens C in X, then
the idempotents

i?=i€C,(X,R) = C(X,,R) and clopen in X,.
Provided that every isomorphism between
commutative algebras provides an isomorphism of
the respective Boolean algebras of idempotents.
There is a mapping Clop(X,) — Clop(X),
S = SNX which is certainly an isomorphism of

Boolean algebras. Then, 2(clop(X;)) = (X, — ~).
Which ends the proof.

Theorem 2.10: Let X be a topological space. Then,
the following statements holds

(i) The mapping ¢y — Spec(clopen(X)) isa
homeomorphisms

Spec(clop(X)) - X; < {0,1}¢top @,

(i) If X is strongly zero-dimensional, then the
space (Spec(Clop(X),G)) is X, and the space
(Spec(Clop(X),6)) = (X1, wy) in C(X).

(iii) If X is strongly zero-dimensional, then the
space (Spec(Clop(X),G)) = (X1, wy) = (Xz, wy)
and

(iv) If X is infinite, then (UF(X),F) =
(Spec(P(X)),G) = (X1, wy) = (Xz, wy).

Proof:

(i By considering the diagram below;

(1) < Spec{Clop(¥)) € P(Clop(%))

o,

|
|
|
|

' 7 o)
(D)X, € {0

From, theorem 2.5 above, the triangle in the
inclusion above is commutes. Then, the map
¢y — Spec(Clop(X)) is a homeomorphism of the
Stone space Spec(Clop(X)) onto its image, which
is also closed in the function {0,1}¢P ™) Thus
X, = Cl(X; (X)) is in the map
¢y — Spec(Clop(X)). Now, provided that
Cl(G(X)) =Spec(Clop(X)) and the map ¢y —
G(X) = wy(X), then Cl(wy (X)) contains the map
by —>Spec(Cl0p(X)), this implies that ¢y —
Spec(Clop(X)) = X;.

(i) Suppose X is zero dimensional, then the
map wy:X — X; is an embedding, thus, the space
(X;,wy) is T,— compactification of X. Then, by the
commutativity of the triangle in the inclusion figure
above and the homeomorphism ¢y —
Spec(Clop(X)) — X;. This evidence is follow by
using the fact that G:X — Spec(Clop(X)) is
continuous for a given topological space X;.

(iii) From the fact that if X is a strong zero-
dimensional space, X, = X; in C(X), and X, is a
Stone space, for X; < X, and X, is called the
maximal compactification of X and X; is 7, —
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compactification of X. By consider (ii) above, we
see that

(Spec(Clop(X),6)) = (X1, wy), =
(Spec(Clop(X), 6)) = (X1, wy) = (X2, wy).

(iv) Provided that infinite space is strongly
zero — dimensional and Clop(X) = P(X), by (iii)
above, we shall provides a 1 — 1 correspondence
K:Spec(P(X)) » UF(X). Note that a maximal
ideal 1,4, in Spec(P(X)) is a family I,,,, € P(X)
which has the empty set is closed under union and
subsets and X & I,,,, and is maximal. Therefore,
the family F={(X-C):C€el,,} is an
ultrafilter, by definition of filter and ultrafilter,
there exist occurrence of 1 — 1 correspondence
K:1L,, — UF(X). Thisens the proof.

Lemma 2.3: Suppose A is a Boolean algebra. The
clopen subset B < A is a Boolean algebra.

Proof: Given that A is a Boolean space and B(A)
denotes the set of all clopen subsets of A. Notice
that @,A are in B(A). Suppose B, C are in B(A),
then BNC and BUC must belongs to B(A).
Therefore, if C € B(A), certainly, CL(C) € B(A).

Lemma 2.4: Suppose A is a Boolean algebra.
Then, the following properties hold:

(a) Tg = @

(b) Ty =14

(C) Tx nTy = Ux/\y

(d) U, UuU, = U,y and

(e) U(—x) = Cl(Ux)

From the Lemma 2.3 above, we can defined a
topology 7 on spec(A) whose open sets are union
of sets of the form U,. Then the topological space
(Spec(A),t) denotes the Stone space of Boolean
algebra A.

Theorem 2.11: For every Boolean algebra A, the
Stone topological space (Spec(4),t) is Boolean
space.

Proof: Provided that the topological space
(Spec(A), 1) is zero — dimensional follow by (e) of
Lemma 2.4 above. Suppose X and Y are two
ultrafilters such that X # Y. There must be an
element x € (X —Y). Note that X€T,, YET_,
and T,NT_, = @. So, the space (Spec(A4),1) is T,
— space. Next, we shall prove that the topological
space (Spec(A),t) is compact by letting K =
{T;:iel} be a cover of topological space
(Spec(A),t). Assume that there does not exist
finite subset of K that covers (Spec(4),t). Then,

for every ti,ty, ., ty €1, we have
T, UT,, U..UT, # (Spec(4),7). This implies
that xVx, V..Vx, #1 and

(—x)A(=x3) A ... A(—x,,) # 0. Therefore, the set

(=) ={(—x):x € I} has the finite intersection
property. By prime ideal theorem for Boolean
algebra, there exist an ultrafilter U such that (—1I) is
contained in U. Therefore, U € T, for some x € |
and x, (—x) € U and is contrary to our aim.

In the next result, we provides a proof for the other
version of Stone representation theorem.

Theorem 2.12: Suppose A is Boolean algebra.
Then, the following statements holds.

@ A= Clop(Spec(A))

(b) A = Spec(Clop(4))

Proof: To provide a proof for these, we shall
consider theorems 2.2, 2.4 and 2.5 above.

@ Suppose there is a mapping f:A4 -
Clop(Spec(4)) and x - T,. By follow Lemma
2.4 above, the map f:A4 - Clop(Spec(4)) is a
homomorphism of A. Due to the fact that if x,
y € A, where x # y and they are nonzero. Then,
there exist an ultrafilter that contains either x or y
but not both, for this f is one to one and also, by
the fact that every closed subset of compact space
is compact, it is compact.

(b) Suppose n € A, then, there is a
neighbourhood N,, which is the set of all clopen set
that contain n. It is not difficult to verify that N, is
an ultrafilter in Spec(A) and therefore N, €
Spec(Clop(A)). Let us defined the mapping
g:A- Spec(Clop(A)) by n - N,, which is the
set of all clopen set that has n as element. Provided
that A and Spec(A) are compact Hausdorff space,
we need to prove that the mapping g is
homeomorphism. Suppose there exist two sets of
clopen set that contains two disjoint elements, say
N, and N,,, and if N, = N,,, by the fact that A is t,
- space, there exist two disjoint open
neighbourhood P and Q such that n € P and m €
Q. Since X is zero dimensional, then we can
consider both P and Q as clopen for which both N,
and N, are not equal. Then the mapping g: A —
Spec(Clop(A)) is one — one. Further, let U be an
ultrafilter that contains all clopen subsets of
compact set Clop(A), we need to show that these
clopen subsets are closed. Provided that U is a filter
with finite intersection property, then there exist an
element n in the NI, t; for every t € U. Thus, U is
contained in N,,. But U is an ultrafilter, so, U = N,,.
Next, we shall show that the mapping g:A —
Spec(Clopen(A)) is continuous. If EC
Spec(Clop(A)) and open in Spec(Clop(A)). Then,
E = UX,0;, where O, is the basic open sets in E
that are clopen. Then, we have E, as the
representation of open set that are clopen in the

DOI: 10.35629/5252-050314871493  |Impact Factorvalue 6.18| ISO 9001: 2008 Certified Journal ~ Page 1492



International Journal of Advances in Engineering and Management (IJAEM)
Volume 5, Issue 3 March 2023, pp: 1487-1493 www.ijaem.net

space Spec(Clop(A)). Therefore, N, € Eq. if and
only if n € 0;. Therefore, g~!(Eo,) = A. Which
ends the proof.

11l.  CONCLUSION

In this work, we realised that:

() If X is a Stone space, then the space
Q(Clop(X)) = X

(i) If X is compact Hausdorff space,
then,Q(Clop(X)) is homeomorphic to the
space (X—~) and Q(Clop(X)) = nc(X) =
X—~)A = Clop(spec(A)) and A=
Spec(Clop(A)).

(iii) If X is 735, then Q(Clop(X)) = mc(Xy) =
(X,—~), where X, is a Stone-Cech
compactification (maximal compactification).

(iv) If X is strongly zero — dimensional, then
Q(Clop(X)) = X, and

(v) Every Boolean space is homeomorphic to the
Stone space.
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